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Group Definition

Definition: The set H with the operation o is called a group if
> Ifa,b € H, then aob € H (Closure).
» (aob)oc = ao(boc), forall a,b,c € H (Associative).

» There exists an identity element in the set H. For all a € H, eoa = aoe = a
(Existence of Identity).

» Every element of the set H have invers in the set H. For all a € H, there
exists an element a~! in the set H that aoa™ = a~'oa = e (Existence of
Inverse).
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Example

Example: The set of residue integers with the addition operator (Z,,, +)

is a commutative group.

The set Z, with the multiplication operator (Z;,, %) is an abelian group.

Example: Let us define aset G =< {a, b, c,d}, * > and the operation as

shown in the Table

b

!

Example:(Z, x) is a not group.

SR X

Example: (Z,—) is not a group.
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Preliminary Definition

Definition: Let (R, +) be a group. The subset S of R is called a
subgroup of R. if and only if:

»a€SandbeS—->a+bbelongtosS.
>»a€S - —a€Es.

Example: Is the group H =< Z14,+> a subgroup of the group ¢ =<
Liqnp,+>7?

Definition: A group G which contains elements a with maximum
order ord(a) = |G| is said to be cyclic.
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Preliminary Definition

Definition: The order of an element a € G, denoted by
ord(a), is the smallest positive integer n such that

aoao ...oa = a = e.

Definition: A group (G, o) is finite if it has a finite number of
elements, We denote the cardinality of G by |G]|.

Elements with maximum order are called generators or
primitive elements.
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Preliminary Definition
In other word, the group G is said to be cyclic if there exists an

element g € G, st. every element of ¢ can be written as g™ for
some integer m.

The elements in the group are enumerated as
{go gl cee gr gr+1 ..-}_

The conventionis g™™ = (g~ )™, and g° = 1.
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Preliminary Definition

Consider the group G = (Z,,",%X11),
G=1{1,2,3,4,5,6,7,8,9, 10}= 10,

a = 2 is a generator of G. G’a\a
/ \

<2>=¢ 3 v

@ O
0.0

2/1/2021



Preliminary Properties

Every group G of a prime order p is cyclic. Every element g of G,
except the identity is its generator.

If p is prime, then Zj is cyclic.

An element a having order p — 1s called a primitive element
modulo p.

Observe that a is a primitive element if and only if
{a'lo<i<p-2} =1
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Preliminary Properties

Theorem (Lagrange): Suppose G is a multiplicative group of order
n,and g € G. Then the order of g divides n.

Theorem (Lagrange): Suppose G is a multiplicative group of order
n, and

« His asubgroup of G. Then |H| divides |G].
e Forallainz,”,a?™ =1

« Why is this true? because Z,," is a group and ¢(n) is its size...
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Preliminary Properties

Theorem (Fermat): If p is prime and a is an integer not divisible
by p, then

aP~1 =1 (mod p)
Furthermore, for every integer a we have

aP=a (mod p)
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Elliptic Curve

An Elliptic Curve is a curve given by an equation

y:=x3+ax+ b

Consider the set E of solution (x,y) to the equation

mE ={(x,y): y* = x3 + ax +b}‘|

Our aim is to construct an operation on E such that (E,o) be a
group.

To do this we consider a non-singular Elliptic curve.
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Singular Elliptic Curve

A Singular Cubic with
Distinct Tangent Directions

v =x7(x+1)
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A Singular Cubic
with A Cusp

13



2/1/2021

Elliptic Curves
y% = x3-5x+8

—
N
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E:Y2=X3-9X

Elliptic Curves
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Adding Points P+ Qon E
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Doubling a Point Pon E

Tangent Lineto E at P
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Vertical Lines and an Extra Point at Infinity
0

Add an extra point ¢ “at infinity.”
The point ( lies on every vertical line.

\/

Vertical lines have no third
intersection point
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Adding PointsP+ QonE
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Adding Points P+ Qon E

(xg;ylg)

P+Q
(X3,Y3)
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Adding Points P+ Qon E

Let P=(x,,y,) , Q=(x,,Y,) €E s0 P+Q=(x5,y5)

()(33)’3}
Yy =AX+ [
y> =x>+ax+Db %
(AX+ ) =x>+ax+b = P+Q
(43~

X+ (=AY +(@—-2A2L)x+(b—-—£>)=0
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Adding PointsP+PonE
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Group Operation +

The point of infinityll, O, will b¢ the identity
Element given P,C}E E; P=(x{,y,) , Q=04,Y,)
| P=(x,y)
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Properties of “Addition” on E

Theorem: The addition law on E has the following
properties:

a) P+0=0+P=P forallP € E.
b) P+(-P)=0 forall P € E.
c) (P+Q)+R=P+(Q+R) forall P,Q,R € E.

d P+Q=Q+P for all P,Q € E.
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Definition:
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Aring R is a set of elements with two binary operations (R, +, X)),
such that for all a, b, c € R the following are satisfied:

» R is an abelian group under addition.
» The closure property of R is satisfied under multiplication.
» The associativity property of R is satisfied under multiplication.

» There exists a multiplicative identity element denoted by 1 such that
foreveryae R,ax1=1Xa=a

» Foralla,b,c e Rax(b+c)=ax(b+c)=axb+axXc
(Distributive Law).
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Definition of a ring

Distribution of [J over @

1. Closure

2. Associativity

3. Commutativity
4. Existence of identity
5. Existence of inverse

® || 1. Closure ]
2. Associativity

Note:
_| The third property 1s

3. Commutativity

{a,b,c, ...} o I I

Set

Operations

"| only satisfied for a
commutative ring.
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Definition of a Field
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Afield F is a commutative ring which satisfies the following
properties

» Multiplicative inverse: For every element a € F except 0, there
exists a unique element a~'suchthataxa!'=a'xa=1.a!

is called the multiplicative inverse of the element a.

» No zero divisors: Ifa,b € F and a X b = 0, then eithera = 0 or
b =0.

» Example: The residue class Z,, is a field if and only if n is prime.
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Definition of a Field
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Distribution of [J over @

1. Closure

2. Associativity

3. Commutativity

4. Existence of identity
5. Existence of inverse

®| 1. Closure

2. Associativity

3. Commutativity

4. Existence of identity
5. Existence of inverse

Y

Note:

The 1dentity element
of the first operation
has no inverse with
respect to the second

{a,b,c, ...}
Set

e O

Operations

Field

operation.

G

/
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Polynomial Ring

Let R be a commutative ring, with unit element 1.
A polynomial in the variable x € R, is
fx)=XY4, a;x where ay,aq,..,a, €ER

If the leading coefficient of the polynomial f, denoted by a,, is nonzero,
then the degree of the polynomial is said to be n.

If for a particular value of the variable, r € R:i.e. f(r) =0,
Then r is called a root or zero of f.
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Polynomial Ring

Consider two polynomials f(x) = Y, a;x* and g(x) = X", b;xt, n = m.

f +9)(x) = Z(a#bz)x" + z a;xt,
=1

i=m+1
n+m k
(f.900 =) ax*, o= (@b’
k=0 i=0

Let R be a commutative ring. The set of all polynomials over R in the
variable x is denoted by R[x]. Then (R[x],+,.) is a ring.
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Polynomial Ring
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Example: Consider the ring R = (Z, +,X%)

filx) =3x%>+4x + 4
fo(x) =4x” +3x*+3x+1

f1(x) + fa(x) =
4x7 + 6x%2 +7x+5 =
47 +0+x+5=4x"+x+5

g1(x) =5x+3,g,(x) =x+2

g1(x). g2 (x) =
5x2+10x+3x+6=5x>+13x+6 =5x%+x
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Polynomial Ring

Theorem: Let f(x),g(x) € R[x], g(x) # 0. Then there are
uniquely determined polynomials q(x),r(x) € R[x], with f(x) =
q(x)g(x) +r(x)and r(x) = 0 ordegr(x) < deg g(x).

The polynomials g(x) and r(x) are referred to as the quotient
and remainder polynomials.

32



Polynomial Ring

Example: 355 4 263 +x +1 x4

2
3x° + 3x? | 3x° +2

2x3 +2x*+x+1
2x3 + 2

2x% +x + 4
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Question

AP




